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The Wheeler-DeWitt equation is solved for some scalar-tensor theories of gravitation in
the case of homogeneous and isotropic cosmological models. We present general solutions
corresponding to cosmological term: (i)λ(φ) = 0 and (ii)λ(φ) = qφ.
1 Introduction
There is a renewed interest in the scalar-tensor theories of gravitation because of
the unification theories and the chaotic inflation. Therefore it seems of interest to
consider the quantum cosmology originated from these theories. We begin by intro-
ducing the action integral for the scalar-tensor theory with cosmological function
λ(φ)
S =
1
16pi
∫ √−g{φR− ω0
φ
gµνφ,µφ,ν + 2φλ(φ)
}
d4x, (1)
using the Friedmann-Robertson-Walker metric with positive curvature, we can con-
struct the corresponding Hamiltonian of the system. After canonical quantization
we obtain the Wheeler-DeWitt equation HΨ(a, φ) = 0 for an arbitrary factor or-
dering, encoded in the α and β parameters,
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[
3a4φ2 − a6φ2λ(φ)] }Ψ(a, φ) = 0. (2)
2 Solutions for the Wheeler-DeWitt equation with λ(φ) = 0 and λ(φ) =
qφ
We solve the WDW equation (2) by separation of variables. The corresponding
solutions are show in the following cases
i) k2 > B
Ψk(a, φ) = φ
−
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ii) k2 = B
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−
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2 aA(C3 + C4ρ lnφ)
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ii) k2 < B
Ψk(a, φ) = φ
−
A
2 aA
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φmi
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k is a separation constant, H
(1,2)
p are the Hankel functions of order p, B =
β−1
2ρ
A = ω0(α−1)−3(β−1)2ω0+3 , ρ
2 = 2ω0+33 , and p =
√
A2
4 − k2.
If we consider an specific factor ordering α = β = 1 in eq.(3), and making superpo-
sition of wave functions we have
ψk = e
−
3pi
4
a2φ cosh[ρ lnφ+µ]. (6)
This solution satisfied the Hawking-Page regularity condition 1, i.e., 1) the wave
function is exponentially damped for large spatial geometry (a → ∞), and 2) the
wave function is regular when the spatial geometry degenerates (Ψ(a, φ) does not
oscillate when a → 0), thus eq. (6) can be regarded like quantum wormhole solu-
tions 2.
Now, we present solutions of WDW eq. when λ(φ) = qφ, where q is a constant,
this equation is solvable by series, but it solution haven’t physical meaning. There
is an interesting exact solution case with the next condition
ω20(α− 1)2 − 6ω0(α− 1)(β − 1) + 9(β − 1)2 = (1− 4k2)(2ω0 + 3)2, (7)
i) k2 > B
Ψk(a, φ) =
∑
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n=1,2
L=Ai,Bi
φ
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]
, (8)
ii) k2 = B
Ψk(a, φ) = φ
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iii) k2 < B
Ψk(a, φ) =
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n=1,2
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]
, (10)
where Ai and Bi are the Airy functions.
2
3 Final remarks
We have found solutions of WDW equation in BD theory, for two cosmological
functions: λ(φ) = 0 and λ(φ) = qφ, and we want to note that there are quantum
WH solutions in the first case, i.e., when cosmological constant vanish, this agree
with results obtained by Xiang et al. 3 using a particular factor ordering.
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